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Abstract 
 
The paper gives an overview of developments of the SPH method.  Especial 
attention is given to the main shortcomings of the original form of the method 
namely consistency, tensile instability and zero energy modes.  An example of 
derivation of correction necessary to assure first order consistency is given.  The 
origin of the tensile instability and few proposed solutions to this problem are 
described.  Similar consideration is given with respect to the zero energy modes 
typical for the collocational SPH method.   
 
Introduction 
This paper discusses the development of the Smooth Particle Hydrodynamics (SPH) 
method in its original form based on updated Lagrangian formalism.  SPH is a 
relatively new numerical technique for the approximate integration of partial 
differential equations.  It is a meshless Lagrangian method that uses a pseudo-
particle interpolation method to compute smooth field variables.  Each pseudo-
particle has a mass, Lagrangian position, Lagrangian velocity, and internal energy; 
other quantities are derived by interpolation or from constitutive relations.   
 
The advantage of the meshless approach is its ability to solve problems that cannot 
be effectively solved using other numerical techniques.  It does not suffer from the 
mesh distortion problems that limit Lagrangian approaches based on structured 
mesh when simulating large deformations. As it is a Lagrangian method it naturally 
tracks material history information, such as damage, without the diffusion that 
occurs in Eulerian approaches due to advection.  
 
Gingold [14] and Lucy [28] initially developed SPH in 1977 for the simulation of 
astrophysics problems. Their breakthrough was a method for the calculation of 
derivatives that did not require a structured computational mesh.  Review papers by 
Benz [8] and Monaghan [31] cover the early development of SPH.  Libersky and 
Petchek [26] extended SPH to work with the full stress tensor in 2D.  This addition 
allowed SPH to be used in problems where material strength is important.  The 
development SPH with strength of materials continued with extension to 3D [27], 
and the linking of SPH with existing finite element codes [3, 19].   
 
The introduction of material strength highlighted shortcomings in the basic method: 
accuracy, tensile instability, zero energy modes and artificial viscosity. These 
shortcomings were identified in a first comprehensive analysis of the SPH method 
by Swegle [45], and Wen [55].  The problems of consistency and accuracy of the 
SPH method, identified by Belytschko [5], were addressed by Randles and Libersky 
[41] and Vignjevic and Campbell [51].  This resulted in a normalised first order 
consistent version of the SPH method with improved accuracy.  The attempts to 
ensure first order consistency in SPH led to the development of a number of 
variants of the SPH method, such as Element Free Galerkin Mehod (EFGM) [6, 
23], Reproducing Kernel Particle Method (RKPM) [56, 57], Moving Least Square 
Particle Hydrodynamics (MLSPH) [12], Meshless Local Petrov Galerkin Method 
(MLPG) [1].  These methods allow the restoration of consistency of any order by 
means of a correction function.  It has been shown by Atluri [1, 2] that the 
approximations based on corrected kernels are identical to moving least square 
approximations.  The issue of stability was dealt with in the context of particle 
methods in general by Belytschko [7], and independently by Randles [42]. They 
reached the same conclusions as Swegle [45] in his initial study.   
 
In spite of these improvements, the crucial issue of convergence in a rigorous 
mathematical sense and the links with conservation have not been well understood. 
Encouraging preliminary steps in this direction have already been put forward very 
recently by Ben Moussa [38], who proved convergence of their meshless scheme 
for non-linear scalar conservation laws; see also [39]. This theoretical result appears 
to be the first of its kind in the context of meshless methods.  Furthermore, Ben 
Moussa proposed an interesting new way to stabilise normalised SPH and allow for 
treatment of boundary conditions by incorporating upwinding, an approach usually 
associated with finite volume shock-capturing schemes of the Godunov type, see 
[47, 48, 49]. The task of designing practical schemes along these lines is pending, 
and there is scope for cross-fertilisation between engineers and mathematicians and 
between SHP specialists and Godunov-type schemes specialists.  
 
The improvements of the methods in accuracy and stability achieved by kernel re-
normalisation or correction, have not, however, come for free; now it is necessary 
to treat the essential boundary conditions in a rigorous way.  The approximations in 
SPH do not have the property of strict interpolants so that in general they are not 
equal to the particle value of the dependent variable, i.e. 
u x x u uh j I
I
j I J( ) ( )= ≠∑φ .  Consequently it does not suffice to impose zero 
values for uI  at the boundary positions to enforce homogeneous boundary 
conditions.   
 
The treatment of boundary conditions and contact was neglected in the 
conventional SPH method.  If the imposition of the free surface boundary condition 
(stress free condition) is simply ignored, then conventional SPH will behave in an 
approximately correct manner, giving zero pressure for fluids and zero surface 
stresses for solids, because of the deficiency of particles at the boundary.  This is 
the reason why conventional SPH gives physically reasonable results at free 
surfaces. Contact between bodies occurs by smoothing over all particles, regardless 
of material. Although simple this approach gives physically incorrect results.  
Campbell [11] made an early attempt to introduce a more systematic treatment of 
boundary condition by re-considering the original kernel integral estimates and 
taking into account the boundary conditions through residual terms in the integral 
by parts.  Probably the most sophisticated work on boundary conditions in SPH is 
due to Takeda et al. [46], who have applied SPH to a variety of viscous flows.  A 
similar approach has also been used to a limited extent by Libersky [26, 27] with 
the ghost particles added to accomplish a reflected symmetrical surface boundary 
condition.  In, Belytschko, Lu and Gu [6] the essential boundary conditions were 
imposed by the use of Lagrange multipliers leading to an awkward structure of the 
linear algebraic equations, which are not positive definite.  Krongauz and 
Belytschko [22] proposed a simpler technique for the treatment of the essential 
boundary conditions in meshless methods, by employing a string of finite elements 
along the essential boundaries.  This allowed for the boundary conditions to be 
treated accurately, but reintroduced the shortcomings inherent to structured meshes.   
 
Randles et al. [41, 42] were first to propose a more general treatment of boundary 
conditions based on an extension of the ghost particle method.  In this, the boundary 
is considered to be a surface one half of the local smoothing length away from the 
so-called boundary particles.  A boundary condition is applied to a field variable by 
assigning the same boundary value of the variable to all ghost particles.  A 
constraint is imposed on the boundary by interpolating it smoothly between the 
specified boundary particle value and the calculated values on the interior particles. 
This serves to communicate to the interior particles the effect of the specific 
boundary condition.  There are two main difficulties in this:   
• Definition of the boundary (surface normal at the vertices).  
• Communication of the boundary value of a dependent variable from the 
boundary to internal particles.  
 
A penalty contact algorithm for SPH was developed at Cranfield by Campbell and 
Vignjevic [51]. This algorithm was tested on normalised SPH using the Randles 
approach for free surfaces. The contact algorithm considered only particle-particle 
interactions, and allowed contact and separation to be correctly simulated. However 
tests showed that this approach often excited zero-energy modes. 
 
Another unconventional solution to the SPH tensile instability problem was first 
proposed by Dyka [13] in which the stresses are calculated at the locations other 
than the SPH particles.  The results achieved in 1D were encouraging but a rigorous 
stability analysis was not performed. A 2D version of this approach was 
investigated by Vignjevic [51], based on the normalised version of SPH. This 
investigation showed that extension to 2D was possible, although general boundary 
condition treatment and simulation of large deformations would require further 
research.   
 
To utilise the best aspects of the FE and SPH methods it was necessary to develop 
interfaces for the linking of SPH nodes with standard finite element grids [18, 19] 
and contact algorithms for treatment of contact between the two particles and 
elements [54].   
 
From the review of the development of meshless methods, given above, the 
following major problems can be identified: consistency, stability and the treatment 
of boundary conditions.   
 
Basic formulation 
The spatial discretisation of the state variables is provided by a set of points. Instead 
of a grid, SPH uses a kernel interpolation to approximate the field variables at any 
point in a domain.  For instance, an estimate of the value of a function f(x) at the 
location x is given in a continuous form by an integral of the product of the function 
and a kernel (weighting) function ( ', )W x x h− : 
( ) ( ') ( ', ) 'f x f x W x x h dx= −∫  (1) 
Where: the angle brackets denote a kernel approximation, h  is a parameter 
that defines size of the kernel support known as the smoothing length, and 'x  is 
new independent variable.   
 
The kernel function usually has the following properties:   
Compact support, which means that it’s zero everywhere but on a finite domain 
inside the range of the smoothing length 2h: 
( ', ) 0W x x h− =  for ' 2x x h− ≥  (2) 
Normalised  
( ', ) ' 1W x x h dx− =∫  (3) 
 
These requirements, formulated by Lucy [28], ensure that the kernel function 
reduces to the Dirac delta function when h  tends to zero: 
0
lim ( ', ) ( ', )
h
W x x h x x hδ→ − = −  (4) 
And therefore, it follows that: 
0
lim ( ) ( )
h
f x f x→ =  (5) 
If the function f(x) is only known at N discrete points, the integral of equation 1 can 
be approximated by a summation:  
1
( ) ( ) ( , )
jN
j j
j
j
mf x f x W x x hρ== −∑  (6) 
where 
j
j
m
ρ  is the volume associated to the point or particle j. In SPH literature, the 
term particles is misleading as in fact these particles have to be thought of as 
interpolation points rather than mass elements.   
Equation 6 constitutes the basis of SPH method. The value of a variable at a 
particle, denoted by superscript i , is calculated by summing the contributions from 
a set of neighbouring particles (Figure 1), denoted by superscript j  and for which 
the kernel function is not zero:   
1
( ) ( ) ( , )
jN
i j i j
j
j
mf x f x W x x hρ== −∑  (7) 
 
 
Figure 1: Set of neighbouring particles 
 
Conservation equations 
 
The conservation equations in Lagrangian framework are given by: 
vd
dt x
α
α
ρ ρ ∂= − ∂   (8) 
1dv
dt x
αβα
β
σ
ρ
∂= ∂  or 2
dv
dt x x
αβ αβα
β β
σ σ ρ
ρ ρ
 ∂ ∂= + ∂ ∂ 
 (9a) and (9b) 
vdE
dt x
αβ α
β
σ
ρ
∂= ∂  or 
( )
2 2
vvdE
dt x x
αβ αβ αα
β β
σ σρ ρ
ρ ρ
∂ ∂= −∂ ∂  (10a) and (10b) 
with 
dxv
dt
α
α =  
The subscripts α and β denote the component. 
Equations 9b and 10b are the forms proposed by Monaghan [32].  The kernel 
interpolation allows the derivation of the basic SPH form of these conservation 
equations as:   
'' '
'
vd W dx
dt x
α
α
ρ ρ ∂= − ∂∫   (11) 
2' ' '' '
' ' ' '
dv W dx W dx
dt x x
αβ αβα
β β
σ σ ρ
ρ ρ
 ∂ ∂= + ∂ ∂ ∫ ∫  (12) 
( )
2 2
' ' '' ' '' '
' ' ' '
vvdE W dx W dx
dt x x
αβ αβ αα
β β
σ σρ ρ
ρ ρ
∂ ∂= −∂ ∂∫ ∫  (13) 
All the equations above contain integrals of the form: 
( ')( ') '
'
g xW f x dx
x
∂
∂∫  (14) 
Using a development in a Taylor series about 'x x= , it follows: 
( ') ( ) ( )( ') ' ( ) ( ') ( ) ... '
'
g x g x d g xW f x dx f x x x f x W dx
x x dx x
∂  ∂ ∂  = + − +  ∂ ∂ ∂  ∫ ∫
 (15) 
As W  is an even function, the terms containing odd powers of 'x x−  vanish. 
Neglecting second and higher order terms, which is consistent with the overall 
order of the method, gives:   
'
( ') ( ')( ') ' ( ')
' ' x x
g x g xW f x dx f x
x x =
∂ ∂ =  ∂ ∂ ∫  (16) 
Substituting 
( )g x
x
∂
∂  for 
( )g x
x
∂
∂  gives: 
'
( ') ( ')( ') ( ) '
' 'x x
g x g xf x f x W dx
x x=
∂ ∂  = ∂ ∂  ∫  (17) 
Using the last relation in equations 11, 12 and 13 gives 
' '
'
vd W dx
dt x
α
α
ρ ρ ∂= − ∂∫   (18) 
2
' '' '
' ' '
dv W dx W dx
dt x x
αβ αβα
β β
σ σ ρ
ρ ρ
 ∂ ∂= + ∂ ∂ ∫ ∫  (19) 
( )
2 2
' ' '' '
' '
vvdE W dx W dx
dt x x
αβ αβ αα
β β
σ σρ ρ
ρ ρ
∂ ∂= −∂ ∂∫ ∫  (20) 
All equations include kernel approximations of spatial derivatives: 
( ) ( ') '
'
f x f xW dx
x xα α
∂ ∂=∂ ∂∫  (21) 
Integrating by part gives: 
( ) ( ) ( ) '
'
f x WW f x f x dx
x xα α
∂ ∂= −∂ ∂∫  (22) 
The first term of the second member can be rewritten: ( )( ')( ) '
'
W f x
W f x dx
x
∂= ∂∫  (23) 
Using Green’s theorem, it follows: ( )( ') ' ( ')
' iS
W f x
dx W f x n dS
x
∂ =∂∫ ∫  (24) 
The surface integral is zero if the domain of integration is larger than the compact 
support of W  or if the field variable assumes zero value on the boundary of the 
body (free surface). If none of these conditions is satisfied, modifications should be 
made to account for boundary conditions.  
 
One should note that in equations 18, 19 and 20 the spatial derivatives of the field 
variables are substituted by the derivatives of the kernel:   
( ') ' ( ) '
' '
f x WW dx f x dx
x xα α
∂ ∂= −∂ ∂∫ ∫  (25) 
It follows:   
' '
'
d Wv dx
dt xα α
ρ ρ ∂= ∂∫   (26) 
2
'
' ' '
' ' '
dv W Wdx dx
dt x x
αβ αβα
β β
σ σ ρρ ρ
∂ ∂= − −∂ ∂∫ ∫  (27) 
2 2' ' ' ' '' '
vdE W Wv dx dx
dt x x
αβ αβ α
α
β β
σ σρ ρρ ρ
∂ ∂= − +∂ ∂∫ ∫  (28) 
The final step is to convert the continuous volume integrals to sums over discrete 
interpolation points. Finally, after a few arrangements in order to improve the 
consistency between all equations, the most common form of the SPH discretised 
conservation equations are obtained: 
( )
1
i j ijN
i j i
j i
j
d m Wv v
dt xβ β β
ρ ρ ρ=
∂= − ∂∑  (29) 
2 2
1
j ii ijN
j
j i i
j
dv Wm
dt x
αβ αβα
β
σ σ
ρ ρ=
  ∂= − −   ∂ ∑  (30) 
( )2
1
ii ijN
j j i
i i
j
dE Wm v v
dt x
αβ
α α
β
σ
ρ =
∂= − − ∂∑  (31) 
where ),( hxxWW jiij −=  
 
Kernel function 
 
To complete the discretisation one has to define the kernel function.  Numerous 
possibilities exist.  A large number of kernel function types are discussed in 
literature, ranging from polynomial to Gaussian.  The most common is the B-spline 
kernel that was proposed by Monaghan [32]:   
( )
2 3
3
3 31 1
2 4
1( , ) 2 1 2
4
0
D
v v v
CW v h v v
h
otherwise
 − + <  = − ≤ ≤
  (32) 
where  
'x x
v
h
−= ,  
D is the number of dimensions of the problem (i.e. 1, 2 or 3),  
Cis the scaling factor which depends on the number of dimensions and ensures that 
the consistency conditions 2 and 3 are satisfied: 
2 1
3
10 2
7
1 3
D
C D
D
π
π
 == = =
 (33) 
 
Variable smoothing length 
 
If large deformations occur, particles can largely separate from each other. If the 
smoothing length remains constant, the particle spacing can become so large than 
particles will no more interact. On the other hand, in compression, a lot of particles 
might enter in the neighbouring of each other, which can significantly slow down 
the calculation. In order to avoid these problems, Benz [8] proposed the use of a 
variable smoothing length. The intent was to maintain a healthy neighbourhood as 
continuum deforms. The equation for evolution of h derived by [8] is: 
1
0
0
n
h h ρρ
 =     (34) 
where 0h  and 0ρ  are initial smoothing length and density and n  is the number of 
dimensions of the problem. 
Another frequently used equation of evolution based on conservation of mass is: 
1 div( )dh h v
dt n
=  (35) 
where div( )v  is the divergence of velocity.   
 
Neighbour search 
 
An important step in the SPH computation is the neighbour search. This task can be 
extremely time consuming. The neighbour search routine lists the particles that are 
inside the neighbourhood of each particle at each time step. A direct search between 
every particle is particularly inefficient. A bucket sort algorithm is more efficient. 
In this method, an underlying grid of side 2h is generated and the particles are 
sorted according to the box in which they are located (Figure 2). Then for each 
particle, the neighbours are searched among the particles contained in the same box 
and the surrounding boxes. This allows the computational time to be cut down from 
a default time proportional to N² for a direct search to NlogN, where N is the total 
number of particles.   
 
 
Figure 2: Bucket sort and neighbour search 
 
SPH shortcomings 
 
The basic SPH method has shown several problems when used to model a solid 
body: 
• Consistency  
• Tensile instability  
• Zero-energy modes  
 
 
Consistency  
 
The SPH method in its continuous form is inconsistent within 2 h of the domain 
boundaries due to the kernel support incompleteness.  In its discrete form the 
method loses its 0th order consistency not only in the vicinity of boundaries but also 
over the rest of the domain if particles have an irregular distribution.  Meglicki [29] 
showed that node disorder results in a systematic error. Therefore, a proper SPH 
grid should be as regular as possible and not contain large discrepancies in order to 
perform most accurate simulation.  
 
The first order consistency of the method can be achieved in two ways.  Firstly, by 
correcting the kernel function, second, by correcting the discrete form of the 
convolution integral of the SPH interpolation.  Johnson [21] uses this correction 
procedure and proposed the Normalised Smoothing Function. Vignjevic [51] also 
implemented a kernel normalisation and correction to lead to a Corrected 
Normalised Smooth Particle Hydrodynamics (CNSPH) method which is first order 
consistent. The full derivation of this correction is given below.  In SPH methods 
based on a corrected kernel, it is no-longer possible to ignore boundary conditions. 
In basic SPH, free surface boundary conditions are not imposed and are simply 
ignored as variables tends to zero at boundaries because of the deficiency of 
neighbour particles. 
 
Derivation of normalised corrected gradient SPH formula 
 
The approximation of fields using a Normalised Corrected SPH (NCSPH) 
interpolation has been published [42, 51, 9].  Some authors have chosen to use 
properties of the integrals of motion (linear and angular momentum) to derive 
Normalisation and Gradient Correction for kernel interpolation, see [9].  This 
approach lacks generality and does not provide the insight into the origin and the 
nature of the problem.  A full derivation of the correction proposed by Vignjevic 
[51], which has not been published before, is given below.  The derivation is based 
on the homogeneity and isotropy of space, the space properties, which have as a 
consequence conservation of linear and angular momentum, see [24].  The mixed 
correction insures that homogeneity and isotropy of space are preserved in the 
process of spatial discretisation.   
 
An interpolation technique should not affect homogeneity of space.  One way of 
demonstrating this is to prove that the interpolation of the solution space itself is 
independent of a translation of the coordinate axes.  In order to express this 
statement mathematically one can start by writing the general expression for the 
SPH interpolation of a vector field: 
( ) ( ) ( )∑ −ρ== j jijjj W
m
i
xxxFxF
xx
rrrrrr
rr  (36) 
 
If the field to be interpolated is the solution space then xF r
r =  and equation 36 
becomes:   
 
( )∑ −ρ== j jijjj W
m
i
xxxx
xx
rrrr
rr  (37) 
 
In a different, translated coordinate system, this equation is: 
( )∑ ′−′′ρ=′ ′=′ j jijjj W
m
i
xxxx
xx
rrrr
rr  (38) 
 
Where xr′  is the coordinate vector in the new coordinate system.  If the translation 
vector by which the origin of the coordinate system was moved is defined as xr∆  
then the relationship between xr  and xr′ is: 
xxx rrr ∆−=′  (39) 
 
If the interpolated coordinates of a point are independent of the translation of 
coordinate axes then the following should hold: 
 
x∆xx rrr −=′  (40) 
By substituting equation 40 into equation 39 for both ix
r
and jx
r
 one obtains: 
( ) ( )∑∑ −∆ρ−−ρ=′ j jijjj jijjj W
m
W
m
xxxxxxx rrrrrrr  (41) 
or 
( )∑ −ρ∆−=′ j jijj W
m
xxxxx rrrrr  (42) 
By comparison of equation 42 and equation 40 it is clear that the discretised space 
will only be homogeneous if the following condition is satisfied:   
( ) 1Wm
j
ji
j
j =−ρ∑ xx rr  (43) 
Similarly, an interpolation technique should not affect isotropy of space.  One way 
of demonstrating this is to prove that the interpolation of the solution space itself is 
independent of a rotation of the coordinate axes.  The same holds for the SPH 
approximation.  The change in coordinates due to a rotation of the coordinate axes 
is:   
xCx rr =′  (45) 
where C is the rotation matrix.  For small rotations this can also be written as: 
 
xxx r
rrr ×φ∆−=′  (46) 
where φ∆r  is the rotation vector.   
 
If one wants to ensure that the SPH approximation does maintain the fact that space 
is isotropic then the approximation has to satisfy the following condition:   
xCxCx rrr =≡′  (47) 
or 
CC =  (48) 
This means that the rotation matrix has to be approximated exactly.   
 
In order to develop this equation one can start by rewriting  
( )
( )xI
xx
xxx
xxx
x r
rr
rrrr
rrrr
φ−=
φ−=
⋅×φ∆∇−=
×φ∆−=′
x
 (49) 
where xφ∆  is a skew-symmetric matrix: 
 








φ∆φ∆−
φ∆−φ∆
φ∆φ∆−
=φ∆
0
0
0
xy
xz
yz
x  (50) 
 
This means that, for small rotations, the rotation matrix is given by: 
xIC φ−=  (51) 
 
The approximation of the rotated coordinates is: 
xIxCxCx rrrr xφ−==≡′  (52) 
 
This means that the requirement on the interpolation is: 
xx φ−=φ− II  (53) 
or 
xx φ=φ  (54) 
 
Expanding this expression leads to: 
 
( )
( ) ( )
( )∑
∑
∑
−∇ρφ=
−∇φρ=
−∇×φ∆ρ=φ
j
jij
j
jx
j
jij
x
j
j
j
jij
j
jx
xxWx
m
xxWx
m
xxWx
m
rrr
rrr
rrrr
 (55) 
Therefore to preserve space isotropy, i.e. xx φ=φ  the following condition has to 
be satisfied. 
( ) I=−∇ρ∑j jijjj xxWx
m rrr
 (56) 
The form of the normalised kernel function and the approximation of the first order 
derivatives which provides first order consistency is given in Table 1 below. 
   
Table 1: Corrected forms of the kernel function and its gradient 
 
Using the NCSPH approximations the conservation equations assume the following 
form:   
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Tensile instability 
 
A Von Neumann stability analysis of the SPH method was conducted Swegle [45] 
and Balsara [59] separately.  This has revealed that the SPH method suffers from a 
tensile instability.  This instability manifests itself as a clustering of the particles, 
which resembles fracture and fragmentation, but is in fact a numerical artefact. 
Swegle [45] concluded that the instability doesn’t result from the numerical time 
integration algorithm, but rather from an effective stress resulting from a non-
physical negative modulus being produced by the interaction between the 
constitutive relation and the kernel interpolation.  In other words the kernel 
interpolation used in spatial discretisation changes the nature of original partial 
differential equations.  These changes in the effective stress amplify, rather than 
reduce, perturbations in the strain. From Swegle’s stability analysis it emerged that 
the criterion for stability was that:   
 
'' 0W σ >  (60) 
where ''W  is the second derivative of W  with respect to its argument and σ  is 
the stress, negative in compression and positive in tension. 
 
This criterion states that instability can also occur in compression, not only in 
tension. Indeed, if the slope of the derivative of the kernel function is positive, the 
method is unstable in tension and stable in compression and if the slope is negative, 
it is unstable in compression and stable in tension. 
 
 
Figure 3: Stability regimes for the B-spline kernel function [45] 
 
The fact that this instability manifests itself most often in tension can be explained. 
Figure 3 shows the stability regime for the B-spline kernel function. The minimum 
of the derivative is situated at u=2/3h. In standard configurations, the particle 
spacing is equal to the smoothing length, u=h. Thus, standard configurations are 
unstable in tension. This explains why this unstable phenomenon is generally 
observed in tension and hence, its misleading name “tensile instability”. 
 
In order to remedy this problem several solutions have been proposed.  Guenther 
[15] and Wen [55] have proposed a solution, known as Conservative Smoothing.  
Randles and Libersky [41] proposed adding dissipative terms, which is related to 
conservative smoothing.  Dyka [13] proposed an original solution by using a 
non-collocated discretisation of stress and velocity points.  At one set of points the 
stresses are evaluated, while the momentum equation is calculated at another set of 
points.  The ‘stress’ points are equivalent to the Gauss quadrature points in FE, the 
other set of points is equivalent to the element nodes.  This approach was extended 
to two dimensions, in combination with kernel normalisation, by Vignjevic and 
Campbell [51].  Other solutions were proposed, for instance see [37].  The former 
proposes a corrective SPH method by enforcing higher order consistency, while the 
latter proposes the addition of an artificial force to stabilise the computation.  
Recently Randles and Libersky combined MLS interpolation with the stress and 
velocity point approach.  They called this approach the Dual Particle Dynamics 
method [58].   
 
The conservative smoothing and the artificial repulsive forces methods have limited 
applicability and have to be used with caution because they affect the strength of 
material being modelled.  At present, the most promising approach is non-
collocational spatial discretisation.  This problem is in the focus of attention of a 
number of researchers working on mesh-less methods.   
 
Zero-energy modes 
 
Zero-energy modes are a problem that is not unique to particle methods. These 
spurious modes, which correspond to modes of deformation characterised by a 
pattern of nodal displacement that produces zero strain energy, can also be found in 
the finite difference and finite element methods.   
 
Swegle [45] was first to showed that SPH suffers from zero energy modes.  These 
modes arise from the nodal under integration. The fundamental cause is that all 
field variables and their derivatives are calculated at the same locations (particle 
positions).  For instance, for an oscillatory velocity field, illustrated in Figure 1, the 
kernel approximation would give negligible gradients and consequently stresses at 
the particles.  These modes of deformation are not resisted and can be easily exited 
by rapid impulsive loading.  Another explanation can be found in the origin of the 
kernel approximation. As the kernel approximation, which is the basis of SPH, is an 
interpolation of a set of discrete data, a constant field, can be fit with a sinusoidal 
curve/surface if the order of the interpolation is high enough.   
 
Figure 4 illustrates this spurious mode for a field in 1D SPH.  If one would 
approximate the derivative of the field shown in Figure 4 with a central difference 
formula:   
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then one would obtain: 
 
0
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ixx
=
=
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at all points.  Hence this mode can not be detected, and can grow unhindered.  This 
means that this mode could grow to a level where it dominates the solution. 
 
 
Figure 4:  Zero energy modes. 
 
Zero energy or spurious modes are characterised by a pattern of nodal displacement 
that is not a rigid body but produces zero strain energy.  
 
One of the key ideas to reduce spurious oscillations is to compute derivatives away 
from the particles where kernel functions have zero derivatives. Randles [42] 
proposed a stress point method. Two sets of points are created for the domain 
discretisation, one carries velocity, and another carries stress. The velocity gradient 
and stress are computed on stress points, while stress divergence is sampled at the 
velocity points using stress point neighbours. According to [45], these spurious 
modes can be eliminated by replacing the strain measure by a non-local 
approximation based on gradient approach.  Beissel [4] proposed another way to 
stabilise nodal integration, the least square stabilisation method.  
 
Summary  
 
The paper gives an overview of developments of the SPH method.  Especial 
attention is given to the main shortcomings of the original form of the method 
namely consistency, tensile instability and zero energy modes.  An example of 
derivation of correction necessary to assure first order consistency is given.  The 
origin of the tensile instability and few proposed solutions to this problem are 
described.  Similar consideration is given with respect to the zero energy modes 
typical for the collocational SPH method.   
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